Lectures on Seiberg-Witten Invariants 



S.Akbulut 



In October 1994 Seiberg-Witten invariants entered in 4-manifold theory with 
a big bang. Not only did these invariants tidy up the Gauge Theory, but they 
also gave some exciting new results on topology of smooth 4-manifolds. These 
notes grew out of the lectures I have given in learning seminars at MPI in Bonn, 
and METU in Ankara on this subject. The main goal of these notes is not to 
survey the whole area, but rather establish conventions for novice topologist like 
myself, and go through some recent selected results. In these notes I avoided 
the general Clifford algebra constructions in favor of more direct representation 
theory of Spind^). 

I have benefited greatly from stimulating papers [KM], [W], and [T], as 
well as unpublished lecture notes of C.Taubes. I also benefited seminar talks 
by R.Fintushel, T.Parker, and T.Draghici at MSU. I thank I.Hambelton and 
T.Onder for inviting me to MPI and METU, giving me the chance to work 
on these notes. I make no claim of originality in these notes, they are merely 
modest efforts to understand the results from the sources mentioned above. 



1 Introduction 

Every compact oriented smooth 4-manifold has a Spiric structure, i.e. the sec- 
ond Steifel- Whitney ?«2(X) e H'^{X;Z2) has an integral lifting. This is because: 
W2{X) can be represented by an imbedded surface F C X. If F is orientable 
then clearly the homology class [F] comes from an integral class; if not then 
it suffices to show the circle S G F representing wi{F) is null homologous in 
Hi{X;Z), because the Bockstein 5[F] = [S] in the coefRcient exact sequence: 

.. ^ H2{X;Z) ^ H2{X;Z) ^ H2iX;Z2) ^ Hi{X;Z) ^ .. 

where p is the reduction map. Now if S[F] ^ 0, we can choose an imbedded 
oriented 3-manifold S C X representing the Poincare dual of 6[F], which is 
transverse to F. Then T — F DY, C F has a trivial normal bundle zy(T, F) since 

i^{T,X) = i.(T,F)® iy(T,S) 

and the two other normal bundles in the above equality are trivial. This gives 
a contradiction, since in F the 1-manifold T meets S transversally at one point 
and [S] = wi{F) imphes v{T,F) must necessarily be nontrivial □. 
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Recal: 



Spin{A) 

SO {4) 
U{2) 



= SU{2) X SU{2) 

= ( SU{2) X SU{2) xS^)/Z2 = { SpiniA) x S^)/Z2 

= {SU{2) X SU{2))/Z2 

= ( SU{2) X )/Z2 



We have fibrations: 



— ^ Spinc{4) SO{4) 
Z2 — ^ Spind'i) S0{4) X 
We can also identify SpindA) = {{A, B) G U2 x U2 \ det{A) = det{B) } by 



{A,B) {A.{detA)-^'^ I , B.idetB)-^/^ I , (detAy^^) 



We also have 2 fold cover Spinc{4) — » 5*0(4) x .The fibrations above 
extend to fibrations: 



The last map in the sequence is given by the Bokstein of the second Steifel- 
Whitney class 6{w2) which explains why lifting of W2 to an integral class corre- 
sponds to a S'pmc(4)-structure. We also have the fibration: 

Z2 ^ Spino{4) S0{4)xS^ K{Z2, 1) ^ BSpind^) BS0{4)xBS^ K{Z2,2) 

The last map in this sequence is given by W2 x 1 + 1 x p{ci) which clearly 
vanishes exactly when ^(^2) = . Finally we have the fibration: 

Z2 ^ Spin{4)xS^ Spind-i) K{Z2,l) ^ BSpin{4)xBS^ BSpind^) K{Z2,2) 

The last map is given by W2- This sequence says that locally a Spinc{4) bundle 
consists a pair of a Spin{4) bundle and a complex line bundle. Also recall 
Z) = [X, K{Z, 2)] = [X, BS^] = {complex line bundles on X} 

Definition: Let L — > X be a complex line bundle over a smooth oriented 

4-manifold with ci(L) = W2{TX) (i.e. L is a characteristic line bundle). A 
Spinc{4) structure on X, corresponding L, is a principal <S'pinc(4)-bundle 
P — > X such that the associated framed bundles of TX and L satisfy: 



Spin^A) 5*0(4) ^ i^(Z,2) ^ BSpind^) BSO{A) i^(Z,3) 



Pso(4){TX)^PXp^ 50(4) 



PsdL)^PXp, 51 



where (po,Pi) : SpindA) 50(4) x 5^ 



are the obvious projections 
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Spin{4) X 

y P+ P-\ 
U{2) ip+ p-i U{2) 

Ad\ /Ad 
50(3) 

So p± = Ad o p±. , also call p± = P± ° . For a; e H = we have 



i.e. X I — > q+xqZ^ 
i.e. X I — > q±x\~^ 
i.e. X I — > Q±xq±^ 



Pi[9+,9-,A] 


= A2 


Po[Q'+,g-,A] 


= [<i+-q-] 


P±[9+,9-,A] 


- [?±,A] 


P±[9+,9-,A] 


= Ad o qj- 


p±( A ) 


= Ag± 


Apart from TX and L, Spinc{4) bundle P 



X induces a pair of f7(2) bundles: 

W'^ = PXp^ — >X 

Let AP{X) — KPT*{X) be the bundle of exterior p forms. If X is a Riemanian 
manifold (i.e. with metric), we can construct the bundle of sclf(antisclf)-dual 
2-forms Aj_(X) which we abbreviate by A='=(X) . We can identify A^(X) by 
the Lie algebra so(4)-bundle 

K^{X) = P{T*X) Xad so(4) by S dx^ A dx^ < — > {aij) 

where ad : 50(4) — > so(4) is the adjoint representation. The adjoint action 
preserves the two summands of so(4) = .spm(4) = so(3) x so(3) = R'^ ® R^. By 
above identification it is easy to see that the ±1 eigenspaces A^(X) of the star 
operator * : A(X) A(X) corresponds to these two K^-bundles; this gives: 

A^{X) = P Xp^ R3 

If the Spind'i) bundle P ^ X lifts to 5pm(4) bundle P ^ X (i.e. when 
W2{X) = 0), corresponding to the obvious projections p± : Spin{^) — > SU{2), 
P±(9-j9+) = Q± we get a pair of SU{2) bundles: 

y± =: P Xp^ 

Clearly since x \ — > q±x\~^ = q±x (A^)~^/^ in this case we have: 
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1.1 Action of A*{X) on W± 

From the definition of Spinc{^) structure above we see that 

T*{X) =Px m/{p, v) ~ {p, q+v qZ^) , where p = p[ q+, q., A ] 

We define left actions (CUff'ord multipHcations), which is well defined by 

T*{X)i»W^ >W~ , by [p,v]®[p,x]i — >[p,-vx] 

T*{X)(SiW~ — >W+ , by [p,v]i»[p,x]i — >[p,vx] 
From identifications, we can check the well definededness of these actions, e.g.: 

\p,v]igi[p,x] ~ [p,q+v qZ'^]'Si[p,q+xX~'^ ] i — > [p, q-{-vx)X~^ ] ~ [p,-vx] 

By dimension reason complexification of these representation give 

p : T*{X)c Hom{W'^,W'^) = 
We can put them together as a single representation (which wc still call p) 

p , T*{X) Hom{W+ ®W-) , hy V ^ p{v) = ^ 

We have p{v)op{v) = —\v\'^I . By universal property of the Clifford algebra this 
representation extends to the Clifford algebra C{X) = A*{X) (exterior algebra) 

A*{X) 

i \ 

T*{X) — > Horn {W+ W') 

One can construct this extension without the aid of the universal property of 
the Clifford algebra, for example since 

A^(X) = I A t;2 = ^{vi 1S1V2-V2IS1 vi) I v-i,V2 e T*{X) | 

The action of T*(X) on determines the action of X^iX) = A+{X)(S)A-{X), 
and since 2Im (u2Wi) = —V1V2 + V2V1 we have the action p with property: 

A+(X)ig)H^+ — i- to be [p,vi hV2]®[p,x] — ^ [p,Im {v2Vi)x] 

p:A+ — > Hom{W+, W+) 

p{viAv2) = ^[p{vi),p{v2)] (1) 
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Let us write the local descriptions of these representations: We first pick a local 
orthonormal basis {e^, e^, e^, e^} for T*{X), then we can take 

{ /i = l{e^Ae^±e^Ae% h = ^(e^ Ae^ie^Ae^), h = ^(6^ Ae^ie^Ae^) } 

to be a basis for A^(X). After the local identification T*{X) = H we can take 
= 1, = i, = j, = k. Let us identify W"^ = = {z+jw \ z,w gC}, 
then the multiplication by 1, i,j, k (action on as multiplication on left) induce 
the representations p(e*) , i = 1,2,3,4. From this we see that A+(X) acts 
trivially on W~; and the basis /i, /2, /s of A+(X) acts on as multiplication 
by i,j,k, respectively (these are called Pauli matrices). 



Pie') 
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-1 
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1 o\ 

1 
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In particular we get an isomorphism A+(X) — > su {W^) (traceless skew 
adjoint endemorphism of W'^)\ which after complexifying extends to an isomor- 
phism p : A+(X)c — si iW^) (traceless endemorphism of W^) 

A+(X) ^ su {W+) 

n n 

A+(X)c ^ sZ(W+) 

Recall Hom{W+,W+) ^ W+ O (W^+)* ; we identify the dual space {W+)* 
naturally with (= with scalar multiplication c.v = cv) by the pairing 

W+ t»W+ — ^ c 

given by z®w^ zw. Usually si {W~^) is denoted by {W~^ (g) W^"'")o and the 
trace map gives the identification: 

W+<»W+ = {W+ O W+)o ® C = A+{X)c e c 
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Let a : — > A+(X) be the map [ p, a; ] i — > [ p. ^{xi x) ]. By local 
identification as above W'^ = and A+(X) = R © C, we see a corresponds to 

{z, w) ^ i (^^^ZM^ _ k Re{zw) + J Im{zw) = (^^^^l^K}j + 
We identify this by the element i(j{z,w) of su iW^) (by Pauli matrices) where: 
^z,w) ^ a[z,w) - \^ _^ (|«,|2_|^|2)/2 j (2) 

(7 is the projection of the diagonal elements of (g) onto {W~^ W^+)o 
We can check: 

I w)=p[ ' ' ^' ' /i + Im{zw) h - Re{zw) h ] (3) 
From these identifications we see: 

kWl' = (4) 

< > = \\^\' (5) 

< p{lo) ip , ■)p> = 2i < p{uj) , i a{ip) > (6) 

Here the norm in su{2) is induced by the inner product < A,B >= ^trace{AB) . 

By calling cr(V', ip) = cr(V') we extend the definition of a to (g) W+ by 

< p{io) tp , V' >= 2« < , i cr{'tp, (p) > 

A+{X) = su{W+) W+ 

n n 

(W+ ® l^+)o = si ^ W+ ® 1^+ 

Remark: A Spinc{4:) structure can also be defined as a pair of U (2) bundles: 

W"^ — > X with (iet(VK+) = det{W~) — > X (a complex Unc bundle), 
and an action c± : T*{X) — > Hom{W^ ,W'^) with c±{v)c^{v) = -\v\^I 

The first definition clearly implies this, and conversely we can obtain the first 
definition by letting the principal Spinc{^) bundle to be: 

P = { {P+,P-) e P{W+) X P{W-) I det{p+) = det{p-) } 
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Clearly, Spind'i) = {{A,B) G U2 x U2 \ det{A) = det{B) } acts on P freely. 



This definition generalizes and gives way to the following definition: 

Definition: A Dirac bundle W — > X is a Riemanian vector bundle with an 

action p : T*{X) — > Hom.{W,W) satisfying p{v) o p(v) = — |w|^7. W is also 
equipped with a connection D satisfying: 

< p(v)x,p(v)y >=< x,y> 

Dy{p{v)s) = p{'Vxv)s + p{v)Dy{s) 
where V is the Levi-Civita connection on T*{X), and F is a vector filed on X 

An example of a Dirac bundle is W ^ W+ ® W~ — > X and D = d + d* 
with W+ = ©A2'=(X) and W- = ©A2'=+i(X) where p{v) = v A . + v J... 
(exterior + interior product with v). In this case p : — > W^. In the next 
section we will discuss the natural connections D for SpiUc structures . 

2 Dirac Operator 

Let A{C) denote the space of connections on a C/(l) bundle L — > X. Any 
A G A{C) and the Levi-Civita connection Aq on the tangent bundle coming 
from Riemanian metric of X defines a product connection on Pso(4) ^ Ps'^- 
Since Spind^) is the two fold covering of S'0(4) x , they have the same Lie 
algebras spmc(4) = so(4) ® i R. Hence we get a connection A on the Spinc{^) 
principle bundle P — > X. In particular the connection A defines connections 
to all the associated bundles of P, giving back A, ^0 on L, T{X) respectively, 
and two new connections A"^ on bundles W"^. We denote the corresponding 
covariant derivatives by Va- 

Va ■■ T{W+) r( T*X ® W+) 

Composing this with the Clifford multiplication r( T*Xi^W+) T{W~) gives 
the Dirac operator 

IPa : r(W^+) ^ T{W-) 

Locally, by choosing orthonormal tangent vector field e = {ej and the dual 
basis of 1-forms {e* in a neighborhood f/ of a point x & X we can write 

where Ve^ : r(VF"'") T(W^) is the covariant derivative Va along Ci. Also 
locally = (S) L^^^, hence by Leibnitz rule, the connection A and the 
untwisted Dirac operator 

^ : T{V+) T{V-) 
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determines If) a- Notice that as in , forms h*{X) act on . Now let 
u! = {ojij) be the Levi-Civita connection 1-form, i.e. so(4)-valued "equivariant" 
1-form on Pso{i ) {^) and tD = (wij) = e* (w) be the pull-back l-form on U. Since 
Pso(i){U) = Pspin(i){U) the orthonormal basis e <E Pso(i){U) determines an 
orthonormal basis a = {a''} G Psu2{V~^)i then (e.g. [LM]) 

i<j 

Metrics on T{X) and L give metrics on and T*{X) (g) hence we 
can define the adjoint V;;:i : T{T*X W') T{W+). Similarly we can define 
pA ■ r(VK^) r{W^) which turns out to be the adjoint of the previous ]pA 
and makes the following commute (vertical maps are Clifford multiplications): 

T{W+) ^ T{T*X(giW+) ^ T{T*X (giT*X (giW+) 

II i i 

T{W+) ^ T{W-) ^ T{W+) 

Let Fa € A^(X) be the curvature of the connection ^ on L, and G A+(X) 
be the self dual part of this curvature, and s be the scalar curvature of X. 
Weitzenbock formula says that: 

PaW = V*AVA^+l^^+lpiF+)i^ (7) 

To see this we we can assume Vei{e^) = at the point x 

^iV = ^p(e').Ve, [^p(e^').Ve,V] 

= V*aVa^ + IJ2p(^'^ P^^') (^«*^«.- - ^«.-^-^) 

= ViVAV + ^E/'(e')p(e^)0^-V' 

hi 

r2^- = Rij + \Fij is curvature on ® L^/^, i.e. Rij is the Riemanian curvature 
and the imaginary valued 2-form Fij is the curvature of A for the line bundle L 
(endemorphisims of W+). So if V' = cr a e T{V+ V-/'^) , then 

i^p(e')p(e^-)n<^(<7 0a) = i(^p(e') p(e^) i?,,- <7) a 

= I ^p(e^)p(e^)p(e'=)p(e')i?i,fei (^) 
+ lp{^F,je^Aer){^) 
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The last identity follows from (1). It is a standard calculation that the first term 
is s/4 ( e.g.[L]V[], pp. 161), and since A~{X) act as zero on W~^, the second 
term can be replaced by 

2.1 A Special Calculation 

In Section 4 we need some a special case (7). For this, suppose 

F+ = ^-1/2 

where L^^"^ — > X is some complex line bundle with L^^^ (g) L^/^ = L. Hence 
W+ = (L^/^ ® (g) L-i/2 = ^-1 c. In this case there is a unique 

connection ^Aq in L~^/^ X such that the induced Dirac operator Daq on 
W'^ restricted to the trivial summand C ^ X is the exterior derivative d. This 
is because for a± G r(L='=^/^), the following determines Vaq (a_) : 

2 

V^o(cr+ +0) = ^(cT++O)0<T_+(£7++O)0V^(cT_) 

2 

= Vao(o'+ (S) Cr_) = (i(f7+ (g) f7_) 

The following is essentially the Leibnitz formula for Laplacian applied to 
Weitzenbock formula (7) 

Proposition: Let A, Aq G A{C~°°) and i a = A — Aq. Let Va = + i a be the 
covariant derivative of the trivial bundle C — > X, and a : X ^ Let uq be a 
section of = ® C with a constant C component and ^Ao(wo) = then: 

P\{auo) = {Vyaa)uo + ^p{Fa) auo-2<Waa, Vao K) > (8) 

Proof: By writing = V"^ for the sake of not cluttering notations, and 
abbreviating Ve^ = Vj and Vj{a) ~ \7j{a) + i aja , and leaving out 
summation signs for repeated indices (Einstein convention) we calculate: 

V^(auo) = V^{a)uo+aV^{uo) 

= (g) Vj {a)uo + a(V^° {uo)+i (g aj uq) 
= g) (Vj (a) + i ttja )uo + aV'^" (uq) 

pA{auo) = p{e^)V^{a)uo + apAo{uo) = p{e^)V'^{a)uo (9) 

By abbreviating n = V|(a) we calculate: 
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V^(p(e^) M uo) = e'= O p(e^) Vfe(/i)uo + 6*= (g) p(e^) (Vfe°(uo) + i afe uo) 

= 6^= p(e^) V^(m) uo + e'= «) p(e^) (uo) 
^A(p(e^) uo) = p(e'=)p(e^) V^(m) no + p(e'=)p(e^) V^^K) 

= -V«(M)no +^$^p(e'=Me^)(V^(M)-V«(M))«o 

-/z K) - M P(e^) E /^(e')V^ K) (10) 

Since = ^Ao(wo) = E P(e'')Vfe " (mo) the last term of (3) is -fi Vf°{uo). 
By plugging fj, = V^(a) in (10) and summing over j, from (2) we see 

Pliauo) = - V,"V,"(a)«o + ^p(E A e^) a «o - 2 V,na)V/'' (mo) □ 

Remark: Notice that since uq has a constant C component and V^o restricts 
to the usual d the C component, the term < VaCt , Vao(wo) > lies entirely in L 
component of 

3 Seiberg-Witten invariants 

Let X be a closed oriented Ricmanian manifold, and L — > X a characteristic 
line bundle. Seiberg -Witten equations arc defined for {A,tjj) e A{L) x r(W"'"), 

PaW = (11) 
p{F+) = ai^P) (12) 

Gauge group g{L) = Map{X, S^) acts on B{L) = A{L) x r{W+) as follows: 

for s = e^f € g{L) 

s*{A, V) = {s*A, s" V) = {A + s-^ds , s" V) = {A + idf , s'^iIj) 

By locally writing = i^^, and V = V O A e r(F± LV2) and from: 

Ps-a{<P A) = ^ (v?) A + [ V? Da{X) + i rf/ (v> A) ] 

we see that ps*A {s~^tp) = s~^^a(^), and from definitions 

PiFj-^A) = s-'p{F+) s = piF+) = a(^) = a(s-V) 

Hence the solution set Ai{L) C B{L) of Seiberg-Witten equations is preserved 
by the action {A,ip) < — > s*{A,tl)) of g{L) on M{L). Define 

M{L)=M{L)/g{L) c B{L) = B{L)/g{L) 
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Wc call a solution (Ajtjj) of (11) and (12) an irreducible solution ii ip 0. 
Q{L) acts on the subset M.*[L) of the irreducible solutions freely, we denote 

M*{L)=M*{L)/g{L) 

Any solution {A, tp) of Seibcrg -Witten equations satisfies the C° bound 

IV)!^ < max(0,-2s) (13) 

where s is the scalar curvature function of X. This follows by plugging (12) in 
the Weitzenbock formula (7). 

PlW = V^VA^+'^yj + l^m (14) 

Then at the points where where \tp\'^ is maximum, we calculate 

0<^A|V|^ = ^d*rf< V-V- >= < VaV'.V' > + < ^i',VAV' > ) 

The last step follows from (14), (11) and (5), and the last inequality gives (13) 
Proposition 3.1 Ai{L) is compact 

Proof: Given a sequence [ A„,V'n ] & M{L) we claim that there is a con- 
vergent subsequence (which we will denote by the same index), i.e. there is a 
sequence of gauge transformations <;„ € G{L) such that g^{An,tpn) converges in 
C°°. Let Aq be a base connection. By Hodge theory of the elliptic complex: 

A- AQ = hn + an + hn&U® im{d+)* im(rf) 

where H are the harmonic 1-forms. After applying gauge transformation we 
can assume that 6„ = 0, i.e. if 6„ = i <i/„ we can let Qn = e^^ . Also 

hneH = H'^{X; R) and a component of g{L) is H^{X; Z) 

Hence after a gauge transformation we can assume /i„ e H^{X;R)/H^{X;Z) 
so hn has convergent subsequence. Consider the first order elliptic operator: 
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The kernel of D consists of harmonic 1-forms, hence by Poincare inequaUty if a 
is a l-form orthogonal to the harmonic forms, then for some constant C 

\\a\\r..<C\\D{a)\\r.._^ 

Now a„ = (d+)*Q:„ imphcs rf*(a„) = 0. Since a„ is orthogonal to harmonic 
forms, and by calling An = Aq + a„ we see : 

||a„|U. < C man)\\L. < C\\d+an\\L. = C - F+^\\l. 

Here we use C for a generic constant. By (12), (4) and (13) there is a C 
depending only on the scalar curvature s with 



< C (15) 



By iterating this process we get ||a„||j;,p < C for all fc , hence ||an||cxD < C Prom 
the elliptic estimate and JpAnii'n) = : 



W^uWlI < C{\\pAoi'n\\LP + \\iJn\\Lr') = C{\\ani>n\\L. + \\i'n\\Lp) 
W^uWlI < C{\\an\\oo\\^n\\L^ + \\^n\\Lp)<C (16) 

By repeating this (boothstrapping) process we get ||'(/'ri||Lj ^ C*, for all k, 
where C depends only on the scalar curvature s and Aq. By Rallich theorem 
we get convergent subsequence of {an,tpn) in -t-fe-i norm for all k. So we get 
this convergence to be C°° convergence. □ 

It is not clear that the solution set of Seiberg-Witten equations is a smooth 
manifold. However we can perturb the Scibcrg-Wittcn equations (11), (12) by 
any self dual 2-form 6 G il'^{X), in a gauge invariant way, to obtain a new set 
of equations whose solutions set is a smooth manifold: 

PaW = (17) 
p{F++i5) = <7(V) (18) 

Denote this solution space by Ms{L), and parametrized solution space by 



M= [j Ms{L) x{S}c A{L) X r(W^+) x n+{X) 

Ms{L) = Ms{L) /g{L) c M=M/g{L) 

Let AisiL)* C M* he the corresponding irreducible solutions, and also let 
A4s{L)* c A4* be their quotients by Gauge group. The following theorem says 
that for a generic choice of S the set A4s{L)* is a closed smooth manifold. 
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Proposition 3.2 A4* is a smooth manifold. Projection tt : A4* — > f2+(X) is 
a proper surjection of Fredholm index: 

rf(L) = i[ci(L)2-(2x + 3<7)] 

where x and a are Euler characteristic and the signature of X. 

Proof: The Unearizationof the map {A,tp,d) i — > {p{F^+i 6)—a{ip), ]pA{fp) ) 
at (Ao,'^o,^o) is given by: 

P : f^i(X) ® r(M/+) © — > su(VK+) r(W"") 

P(a, tp, e) = (p{d+a + i e) - 2 cr(V', fAo) , ^Ao-^ + p{a)ipo) 

To see that this is onto we pick (k, 9) £ su{W~^) © r(W~), by varying e we can 
see that (k, 0) is in the image of P. To see (0, 9) is in the image of P, we prove 
that if it is in the orthogonal complement to image{P) then it is (0,0); i.e. 
assume 

< ^AoV', 0> + < piayipo, 9>=0 

for all a and ^, then by choosing tp = we see < p{a)tjjo, >= for all a which 
implies ^ = 

By implicit function theorem A4 is a smooth manifold, and by Sard's 
theorem Ais{L) are smooth manifolds, for generic choice of J's. Hence their 
free quotients A4* and A4s{L)* are smooth manifolds. 

After taking "gauge fixig" account, the dimension of A4s(L) is given by the 
index of P + d* (c.f. [DK]). P + d* is the compact perturbation of 

S : Q\X) © T{W+) [ n°{X) © nl{x) ] © T{W-) 
d*®d+ 

By Atiyah-Singer index theorem 

dim Ms{L) = ind(S') = index(d* © d+) + indexR IpAo 
= -l{x + <r) + \{ci{Lf-a) 

= i[ci(Lf -(2x + 3a)] 



(19) 



where 6+ is the dimension of positive define part of H^{X; Z). Notice that 
when 6+ is odd this expression is even, since L being a characteristic line bundle 
we have ci (I/) ^ = cr mod 8 □ 
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Now assume that H^{X) ~ 0, then G{L) = K{'L,1). Than being a free 
quotient of a contractible space by Q{L) we have 

B*{L) = if(Z,2) = CP°° 

The orientation of H"^ gives an orientation to Al^ (L). Now By (19) if fe"*" is odd 
Ms{L) C B*{L) is an even dimensional 2d smooth closed oriented submanifold, 
then we can define Seiberg-Witten invariants as: 

SWl{X) =<Ms{L) , [CP'^] > 

As in the case of Donaldson invariants ([DK]), even though M.s{L) depends 
on metric (and on the perturbation 5) the invariant SW^ {X) is independent of 
these choices, provided fe"*" > 2 , i.e. there is a generic metric theorem. 

Also by (13) if X has nonnegative scalar curvature then all the solutions are 
reducible, i.e. ij) = Q. This implies that A is anti-self-dual, i.e. F'^ = 0; but just 
as in [DK] , If 5+ > 2 and L nontrivial, for a generic metric L can not admit 
such connections. Hence M. = ^ which implies SWl{X) = 0. 

Similar to Donaldson invariants there is a "connected sum theorem" for 
Seiberg-Witten invariants: If i = 1,2 are oriented compact smooth mani- 
folds with common boundary, which is a 3-manifold with a positive scalar cur- 
vature; then gluing these manifolds together along their boundaries produces a 
manifold X = Xi ^ X2 with vanishing Seiberg-Witten invariants (cf [F],[FS]). 
There is also conjecture that only 0-dimensional moduli spaces M.s{L) give 
nonzero invariants SWl{X). 

4 Almost Complex and Symplectic Structures 

Now assume that X has an almost complex structure. This means that there is 
a principal GL{2, C)-bundle Q — > X such that 

T{X)^QXGLi2,C) 

By choosing Hermitian metric on T{X) we can assume Q — > X is a U{2) bun- 
dle, and the tangent frame bundle Pso(i)iTX) comes from Q by the reduction 
map 

(7(2) = {S^ X SU{2) )/Z2 ^ ( SU{2) x SU{2) )/Z2 = 5*0(4) 
Equivalently there is an endemorphism I G T{End{TX)) with P = —Id 

T{X) T{X) 

\ / 
X 

The ±i eigenspaces of / splits the complexified tangent space T(X)c 
T(X)c = ri'°(X) ® r°'i(X) = Ai'°(X) ® A°'i(X) 
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This gives us a complex line bundle which is called the canonical line bundle: 

K = Kx= A2'0(X) = A2(ri'°) — > X 

Both are characteristic; corresponding to line bundle K — > X there is 
a canonical Spinc{'^) structure on X, given by the lifting of /[A, A\ = ([A, A^) 

F / l\ 

U{2) M 50(4) X 

F[X,A] = [A, A, A]. Transition function A^ gives K, and the corresponding 
C^-bundles are given by: 

W+ = A°'2(X)eA°'°(X) = 74-18 C 
W- = A0'1(X) 

We can check this from the transition functions, e.g. for , x = z + jw & 

X I — > Xx\~^ = X{z + jw)\ = z+ jwXX = z+ jwX~^ 

Since we can identify AO'i(^) = and A"^^{X) (g) A^'"{X) ^ A°^'^{X) 

we readily see the decomposition T{X)c = (Si W~ . As real bundles we have 

A+(X) ^ ir® R 

Wc can verify this by taking {6^,6^ = I{e^),e^,e^ = I{e^)} to be a local 
orthonormal basis for T*{X), then 

A^'°{X) = <e^-ie^,e^-ie^> ,and A0'1(X) = < + le^, + ze^ > 
K = <f={e'- ie^) A (e^ - ie^) > 
A+{X) = < w = i(eiAe2+e3Ae4), /a = ^{e^ Ae^'+eMe^), h = ^(e^ Ae^+e^AgS) > 

ijj is the global form u){X, Y) = g{X, lY) where g is the hermitian metric (which 
makes the basis {e^, e^, e^, e*} orthogonal). Also since / = 2(/2 — ifz), we see 
as K^-bundles A+{X) K ® M(a;). We can check: 

As before by writing the sections of by ^ + jw € r(C ® K~^) we see that 
'^5/2, /a act as Pauli matrices; in particular 
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So in particular, if wc write ip <E r(W"'") = r(C © K~^) by -0 = auo + P , 
where /3 is a section of K~^, and a : X ^ C and wq is a fixed section of the 
trivial bundle C — > X with ||uo|| = 1) then 

p{uj) uq = iuo p{uj) P = -i/3 

p(/3)tio-4/3 p(/3)/3 = (*) 

p(/3) uo = p(/3) /3 = -4 |/3|2uo 

We see these by locally writing tp in terms of basis ip = auo + A/, where (3 = Xf 
with 11/11 = 1. Writing Formula (3) in terms of the basis {u),f,f} we get: 

l/3P-|aP 1-1 
= ^1 I i^-_aP+-a(3] (20) 

If we consider the decomposition = F^'° + F^'^ + F^'^ the equation 
P{Fa) = o'(V') gives Witten's formulas: 

F'/ 



la/3 



(21) 
(22) 
(23) 



In case X is a Kahler surface the Dirac operator is given by (c.f.[LM]) 
Hence from the Dirac part of the Seiberg-Witten equation (17) we have 

^A(/3)+^A(a«o) = 

$ J2P) + $ Ai^^o) = (24) 

The second term is ^^^^(auo) = P'^^auo = j\a\'^p. By taking inner product 
both sides of (24) by $ and integrating over X we get the norms satisfy 

||a||2||/3||2 = => a = 0or/3 = (25) 

This argument eventually calculates SWk{X) — 1 ([W]). We will not repeat 
this argument here, instead we will review a stronger result of C.Taubes for 
symplectic manifolds below, which implies this result. 

We call an almost complex manifold with Hermitian metric {X, I, g} syplec- 
tic if = 0. Clearly a nondegenerate closed form w and a hermitian metric 
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determines the almost complex structure I. Given uj then / is called an almost 
complex structure taming the symplcctic form lo 

By Section 2.1 there is a unique connection Aq in K — > X such that the 
induced Dirac operator Daq on restricted to the trivial summand C — > X 

is the exterior derivative d. Let uq be the section of W''^ with constant C 
component and ||uo|| = 1. Taubs's first fundamental observation is 

]pA{uo) = if and only if dco = 

This can be seen by applying the Dirac operator to both sides of iuo = p{uj).UQ, 
and observing that by the choice of uq the term Vao(wo) lies entirely in 
component: 

iJpAo{uo) = ^ /?(e*)V, (/?(cj) Mo) 

= Yl P^^'^ [ ('^^'^)) "0 + P{^) Vi (wo) ] 

= Yl /^(eOVi (p(a;)) uo-iY P^^' K) 
2ilpAo{uo) = p(e')Vi (pjuj)) Up = p{{d + d*)w) up = p{{d - *d)uj) uq 

Last equality holds since u) G A"'"(X)c©C, and by naturality, the Dirac operator 
on A*{X)c is d + d*, and since d = — * on 2 forms and w is self dual 

2i pAoiuo) = -p{*duj)uo 

Theorem (Taubes) : Let {X, ui) be a closed symplectic manifold such that 
b2iX)+ > 2, then SWxiX) = ±1. 

Proof: Write V = awo + /? G T{W+) = r(C K'^) where a : X ^ C, and 
Up is the section as above. Consider the perturbed Seiberg-Witten equations : 
For {A,ip) e A{L) x r{W+) : 

^a(^) = (26) 
p{F+) = p{F+^)+r[a{i;)+ip{u;)] (27) 

By (20) the second equation is equivalent to: 

n-Fl = r [( 1^1' -1^1' + l)ia;-la^+ la/3] (28) 

We will show that up to gauge equivalence there is a unique solution to these 
equations. Write A = Ap + a, after a gauge transformation we can assume that 
a is coclosed, i.e. d*{a) = 0. Clearly {A,tjj) = {Ap,up), and r = satisfy these 
equations. It suffices to show that for r i — > oo these equations admit only 
{Ap,up) as a solution. From Weitzenbock formulas (7), (8) and abbreviating 
Vao(wo) =bwe get 
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Jl>\{i>) = + (V:V„a)«o - 2 < V„a, b > +\a p(F+ - F+ ) t^o (29) 

^a(/3) = (V^iVa /?) + 2 /? + /3 + - i^lj /? (30) 



From (28) and (*) we see that 



1 

1 



-ap(F+-F+)uo = -a{\a\^-\l3\^-2)u^ + -\a\^(3 (31) 



4P(^^i-^^X)/3 = - g(|ar- 1/3^-2) /3+-a|/3p«o (32) 
By substituting (31) in (29) we get 



^i(V'-/3) = [V:V„a+-a(|a|2-|/3|2-2)]t.o 

-2< V„a,6> +^ |a |2/3 (33) 

By substituting (32) in (30), then substituting (30) in (33) we obtain: 

= ^i(V) = [V:V„a + ^a(|a|'-2)] wo-2< V„a,6> 

+ [ VI Va + J + J p{FX^) + ^( 3|ap + + 2) ] /? (34) 

By recalling that (3 and ?io are orthogonal sections of 1^"*", we take inner product 
of both sides of (8) with (3 and integrate over X and obtain: 

2^(« VaOc,h> , P>-'- - 1 < p(F+ )/3 , /3 > 



Hence ^ |Va/3 P + ^ |/3|* + ^1/3]^ + y |an/3|' < ^ ci|/3|2 + C2|/3|Ka| 

where ci and C2 are positive constants depending on the Riemanian metric and 
the base connection Aq. Choose r 1, by calling C2 = 2c3 we get : 

/^( \Va(3 ? + l + + ||an/3|' ) < _^(ci - I) 1/3 |^ + 2c3|/3 ||V„a| 

(r/8 - ci)V2 1/3 I - c3(r/8 - ci)-V2 |V„a| ] V^-^A_|v,a|2 < ^|V„a: 



2 



18 



For some C depending on the metric and Aq. In particular we have 

8C f 

8c2|/3||V„a| |Vaa|' < / (r - 8ci) |/3 p 



2C 

Hence C2 1/3 1 iVaal NaOt? < (35) 

r 

Now by self adjointness of the Dirac operator, and by auo = tjj — (3 we get: 

<p\{ip),auo> = < - (3) , auo > + < p\ {(3) , auo > 

= <p\{i;-p) , auo> + <P , P\{i^-P)> (36) 

We can calculate (36) by using (33) and obtain the inequalities: 



=< pliij) , auo > = |V„a|2 + i|a|4-l|a|2|/3|2--|a| 

r 



+ -\a\'\(3\'-2«Vaa,b>,p> 



J^\Vaa{' + -\a\''--\a{' < j ^2 «V ^a^h >, P > --\a\ 

< [ 2« V„a,6>,/3>< / c2\Vaa\\p 
Jx Jx 



IX Jx 
By choosing C4 = 1 — 2C/r and by (35), we see 



C4 |V„a|2 + ^|a|^- ;-|a|2 < (37) 



X 



Since for a connection A m. K — > X the class {i/2ix)FA represents the Chern 
class c\{K), and since a; is a self dual two form we can write: 

/ uj A Fa = -2tt i ijjci{K) / iJJ^FA= / wAi^j" 
Jx Jx Jx 

( a;A(F+-i^+)=0 
Jx 

By (28) this implies: 

^^(2-|a|2 + |/3|2)=o (38) 
By adding (38) to (37) we get 
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1^ C4 |V„a|2 + ^|/3|2 + r(l - ^\aff < (39) 

Assume r 1, then C4 > and hence VaCt = and /3 = and |a| = V2, hence: 

/3 = and a = \/2e' ^ and Va(a) = d(e' ^)+iae'^ =0 
Hence a = d{—9), recall that we also have d*{a) = which gives 

=< d*d{0),9>=< d{9),d{e >) >= \\d{e)\\^ 

Hence a = and a =constant. So up to a gauge equivalence {A, tjj) = {Aq, uq) 

□ 

5 Applications 

Let X be a simply connected closed smooth 4-manifold. By J. H.C. Whitehead 
the intersection form 

qx ■■ H2{X; Z) ® H2{X; Z) ^ Z 

determines the homotopy type of X. By C.T.C Wall in fact qx determines the 
/i-cobordism class of X. Donaldson (c.f. [DK]) showed that if qx is definite 
then it is dioganalizable, i.e. 

qx = P < 1 > ®q < -1 > 

We call qx is even if q(a,a) is even for all a, otherwise we call qx odd. Since 
integral liftings c of the second Steifel Whitney calass W2 of X are characterized 
by c.a = a.a for all a e H2{X; Z), the condition of qx being even is equivalent 
to X being spin. Prom classification of unimodular even integral quadratic forms 
and the Rohlin theorem it follows that the intersection form of a closed smooth 
spin manifold is in the form: 

qx = 2kEs e IH (40) 
where Es is the 8x8 intersection matrix given by the Dynikin diagram 
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and H is the form H = { ^ ^ 1 ■ The intersection form of the manifold 



. 1 

X S"^ realizes the form H, and the K3 surface (quadric in CP"*) realizes 
2Es e SH. Donaldson had shown that if fc = 1, then I > 3 ([D]). Clearly 
connected sums of K3 surface realizes 2kEs(B3kH. In general it is a conjecture 
that in (40) we must necessarily have / > 3k (sometimes this is called 11/8 
conjecture). Recently by using Seiberg-Witten theory M.Furuta has shown that 

Theorem (Furuta) : Let X be a simply connected closed smooth spin 
4-manifold with the intersection form qx = 2kE^ © IH, then l>2k-\-\ 

Proof: We will only sketch the proof of I > 2k. We pick L — > X to be 
the trivial bundle (it is characteristic since X is spin). Notice that the spinor 
bundles 

y± = p — >x 

pj. : X I — > q±x , are quoternionic vector bundles. That is, there is an action 
j : defined by \p,x] — » \p,xj], which is clearly well defined. This 

action commutes with 

^ : T{V+) — > T{V-) 
Let ^0 be the trivial connection, and write ±A = Ao±i a G A{jC) 

9 Am = ^p(e'=) [Vfe+ia] (Vj)=^p(e'=) [Vfe(V)j+Vj^a] 

Z4 action (A, '^) 1 — >(— ^, V'j) on Q}{X)xT{y^) preserves the compact set 
Mo = Mr\ ker{d*) r{V+) 

where M = {{a,^lj) G n\X) (ST{V+) \ ^ aW = , p{F+) = a{^p) } 
For example from the local description of a in (2) we can check 



<^{'>Pj) = ""(^ + = (7{—w + jz) = —a{ip) = — = 



A 



This Z4 in fact extends to an action of the subgroup G of SU{2) which is gener- 
ated hy < , j >, where acts trivially on Cl* and by complex multiplication 

on r(V+), and j acts by —1 on fl* and by quaternionic multiplication on T{V~^) 
In particular we get a G-equivariant map ip = L + 9:V^W where: 



<p:V = ker(d*) ® T{V+) — >W = nl® T{V-) 
and 6{a, tjj) = ( <T{ip) , aip ) 



d+ 
^ 

with ip~-^{0) = Mo and (fi{v) = L{v) + 0{v) with L linear Fredholm and 9 
quadratic. We apply the "usual" Kuranishi technique (cf [L]) to obtain a finite 
dimensional local model V 1 — > W for 
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We let V = (SV\ and W = (SW\, where V\ and Wx be A cigcnspaces of 
L*L -.V^V and LL* : W ^ W repectively. Since LL* is a multiplication by 
A on Vx, for A > we have isomorphisms L : Vx — > Wx- Now pick A > and 
consider projections: 

eA<AWA ^ W ®A>aWx 

Consider the local diffeomorphism /a : V — > V given by: 

u = fAiv) = V + L-\l - pA)eiv) ^ L{u) ^ L{v) + (I - pA)e{v) 

The condition Lp{v) = is equivalent to px ip{v) = and (1 — pa) = 0, but 

(1 - pa) ^{v) = ^ (1 - pa) L{v) + (1 - pa) e{v) = ^ 
(1 - pa) L{v) + L(u) - X(t;) = «^=^ L(u) = pa iv(u) ^ ue ®x<aVx 

Hence y(i)) = pa <^(u) = and u G ®x<aVx , let 

ifA-.V = eA<AVx — >W = eA<AWA where </9a(u) = pa V /a ^(") 

Hence in the local diffeomorphism /a : O O CV takes the piece of the 
compact set fx{0 n Aio) into the finite dimensional subspacc V C V, where O 
is a neighborhood of (0, 0). As a side fact note that near (0, 0) we have 

M{L) « Mo{L)/S^ 

We claim that for A 1 , the local diffeomorphism f\ : O O cV extends 
to a ball Br of large radius R containig the compact set A4o{L), i.e. we can 
make the zero set ip]^^{0) a compact set. 

We see this by applying the Banach contraction principle. For example for 
a given u G Br, showing that there is v G V such that fA{v) = u is equivalent 
of showing that the map Tu{v) = u — L~^{1 —Pa)9{v) has a fixed point. Since 
— Pa) has eigenvalues 1/A on each Wx in appropriate Sobolev norm we 
can write 

||T„(^;i) - TMW < ^\\e{v,) - 6{V2)\\ <^\W- V2\\ 

Vector subspaces Vx and Wx are either quaternionic or real depending on 
whether they are subspaces of Tiy"^) or Q.*{X). For a generic metric we can 
make the cokernel of ^ zero hence the dimension of the kernel (as a complex 
vector space) is ind{^) = —a/8 = 2k , and since H^{X) = the dimension 
of the cokernel of rf+ (as a real vector space) is 6+ = L Hence ipA gives a 
G-equivariant map 

If : m''+y ® M"^ — >By® 

with compact zero set. From this Furuta shows that I > 21 + 1. Here we give an 
easier argument of D. Freed which gives a slightly weaker result of I > 2k. Let 
£^0 and Ei be the complexifications of the domain an the range of ip; consider 
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Eq and El as bundles over a point xq with projections iTi : Ei ^ xq, and with 
O-sections Si : xq ^ Ei ,i = 0,1. Recall Kg{xo) = R{G), and we have Bott 
isomorphisms p{p) = n*{p) A^. , for i = 0,1 where are the Bott classes. 
By compactness we get an induced map (p*: 

Kg{B{Ei),S{Ei)) ^ KG{BiEo),S{Eo)) 

R{G) RiG) 
Consider s*(A£;,) = = A_i(i?i) e RiG), then by some p we have 

A_i(i?i) = st(Ai5j = sS<P*(AbJ = ,s*K(p) AijJ =pA-iiEo) 
So in particular trj(A_i(£'o)) divides trj{A_i{Ei)). By recalling j : Ei ^ Ei 

trj{A-i{Ei)) = det{I - j) for i = 0,l 
Since iu)j = {z + jw)j = —w + jz = {—w, z) j acts on H (g) C by matrix 

/ 1 \ 

. _ -1 

-10 

\ 10 / 

so det(/ - A) = 4, and j acts on R (g) C by = -a; so det{I - (-/)) = 2 . 
Hence 4'=+" 2^ divides 4" 2'+^ which implies l>2k □ 

There is another nice application of Sciberg-Witten invariants; It is an old 
problem whether the quotient of a simply connected smooth complex surface by 
an antiholomorphic involution a : X ^ X (an involution which anticommutes 
with the almost complex homomorphism a.,J = — Jcr*) is a "standard" mani- 
fold (i.e. connected sums of 5^ x 5^ and ±CP^ ). A common example of a 
antiholomorphic involution is the complex conjugation on a complex projective 
algebraic surface with real coefScients. It is known that the quotient of CP^ by 
complex conjugation is (Arnold, Massey, Kuiper); and for every d there is a 
curve of degree d in CP^ whose two fold branched cover has a standard quotient 
([A]). This problem makes sense only if the antiholomorphic involution has a 
fixed point, otherwise the quotient space has fundamental group Z2 and hence 
it can not be standard. By "connected sum" theorem, Seiberg-Witten invari- 
ants of "standard" manifolds vanish, so it is natural question to ask whether 
Seiberg-Witten invariants of the quotients vanish. Shugang Wang has shown 
that this is the case for free antiholomorphic involutions. 

Theorem (S.Wang) Let X be a minimal Kahler surface of general type, and 
a : X ^ X he & free antiholomorphic involution, then the quotient X = X /<j 
has all Seiberg-Witten invariants zero 
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Proof: Let h be the Kahler metric on X, i.e. uj{X,Y) = h{X,JY) is the 
Kahler form. Then g = h + a* h is an invariant metric on X with the Kahler 
form oj = LO — a*u} . Let g be the "push-down" metric on X. Now we claim that 
all SWl{X) = for all i ^ X. in fact wc show that there arc no solutions to 
Seiberg-Witten equations for X: Otherwise if L — > i^ig) is the characteristic 
line bundle supporting a solution {A, tp), then the pull-back pair {A, ip) is a so- 
lution for the pull-back line bundle L — > X with the pull-back Spiric structure, 
hence 

< dimM^iX) = Jcf (L) - l{3c7{X) + 2x{X)) 

But X being a minimal Kahler suface of general type 3a{X)+2x{X) = K'^ > , 

hence c^(i) > 0. This implies that (A,?/;) must be an irreducible solution (i.e. 
ijj ^ 0), otherwise = would imply cf(Z) < . Now by (25) the nonzero 
solution ip = auo + j3 must have either one of a or /3 is zero (so the other 
one is nonzero), and since d) A a) is the volume element: 

d;.ci(Z) = — I CjAF+ = — /(jA( '^''~ '"'' )i(j^O 

But since cr*(cD) = —uj , a*ci{L) — ci(L) , and a is an orientation preserving 
map we get a contradiction 

(D.Ci(Z) = a*{uj.ci{L)) = — i2'.ci(Z) □ 
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